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I. INTRODUCTION 
A possibility to use integrated tools for modelling objects in 

which various physical processes (electric, mechanical, 
optical, thermal, etc.) occur plays an important role when 
designing modern MEMS devices. It requires various 
subsystems of initial object to be presented as equivalent 
models of the same physical nature that will allow joining 
them to solve in the single computing process. However the 
most widespread CAD systems, as usual, use the single-aspect 
simulation, for example, Spice to analyse electronic circuits or 
Adams for virtual modelling complex machines and 
mechanisms. There are some approaches to calculate "non-
traditional" for the given systems physical processes: taking 
into account physical features as additional parameters of base 
models; inclusion of the opportunity of calculation in 
additional bases, typical for other physical processes, etc. 

At a stage of circuit simulation, the method of 
electromechanical analogies is most often applying to form a 
mathematical model of an object of the complex physical 
nature. It, in turn, requires availability of circuit realizations of 
non-electric blocks’ models featured with a necessary 
accuracy degree. The majority of the modern CAD tools 
applied to design mechanical systems use a finite-element 
method to construct a mathematical model. The basic problem 
to use such models is dimension of received systems which 
can reach tens of thousands equations. Therefore the main 
efforts of developers are directed to obtaining the reduced 
models suitable for further use. 

So, the development of an algorithm to obtain models of 
non-electric objects as equivalent electric circuits for further 
use in circuit design software on the basis of existing tools for 
mathematical model formation is actual. 

II. EXAMPLE DESCRIPTION 
Let's consider a method of construction of circuit models of 

mechanical components and their further use by an example 
of a problem of finding eigenfrequencies of a beam (Fig. 1). 

The considered construction represents a beam working on 
a bending. The left end of the beam is fixed motionlessly, 
right one is free. Force F is applied to the right end 
perpendicularly to the beam axe. 

To construct a mathematic model, ANSYS Multiphysics 

v.10.0 software developed by ANSYS Inc. [1] was used. 
ANSYS simulation took place under the following 
parameters: L = 25 mkm; beam cross-section is a square one 
with height of 3 mkm and width of 2 mkm. Beam material 
properties: coefficient of elasticity E=2·1011 Pa = 0.2 N/mkm2; 
Poisson coefficient μ = 0.3; material density ρ = 6·103 kg/m3 = 
6·10-9 mg/mkm3. 

 
 
 
 
 
 
 
 
 
 

Fig. 1 Beam scheme. 
 
For discretization of the beam, ANSYS library’s BEAM3 

finite elements have been used. Every beam element has two 
nodes (left/right) with three degrees of freedom in each one: 
coordinates x, y in a plane of motion and a corresponding 
beam cross-section’s turn angle θ. All the elements have 
identical length of 0.5 microns. So, the design model consists 
of 50 beam elements and 51 nodes. 

III. EQUIVALENT CIRCUIT 
For the mechanical component in question, the matrices in 

MarketMatrix format describing the system status have been 
received from ANSYS project files (FULL and EMAT) by 
means of the mor4ansys program [2]. 

Matrices are coefficients of the equation 
,Mx Dx Kx BF y Cx+ + = =&& & , 

where М, D and K are mass, damping and stiffness matrices 
respectively; B is an input matrix; C is an output matrix; x is a 
unknowns’ vector, including all degrees of freedom; F is a 
force vector and y is an output variables’ vector.  

Proceeding to the electromechanical analogies [3], it looks 
like: 

( ) ( )d Mv Dv Kvdt F t
dt

+ + =∫  

or 
~ ~ ~

( )C v G v L v F t+ + =& , 

where 
~ ~ ~

, ,C M G D L K= = =  are equivalent matrices of 
capacitances, conductances and inductances. Elements of C, 
G, and L matrices are to be formed from elements of matrices 
М, D, and K by formulas: 
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where N is a quantity of the equations for the system in 
question. Using received matrices C, G, and L, it is possible to 
proceed to an equivalent circuit. Sometimes, some of these 
matrices can be absent. It means there are no corresponding 
elements in the circuit. For the considered example, the 
equivalent circuit is presented on Fig. 2. 
 

Fig. 2 Beam equivalent circuit. 
 
In the given circuit, subcircuits "Ox" and "Oy,Oz" are 

connected only by zero node of the circuit. It is obvious that if 
one source is connected to the mechanical equivalent’s force 
application node, frequencies of one of subcircuits will be 
observed only. So, for the presented example, when 
connecting a source between nodes of 151, 0, frequencies 
corresponding to the mechanical model’s tensioning 
eigenfrequencies will be observed. In the case of a source 
connected between nodes of 152, 0, output characteristic will 
contain only the frequencies corresponding to the bending 
eigenfrequencies. From the mechanics point of view, such a 
situation represents two independent directions the initial 
force vector is distributed on. For the equivalent circuit it 
means inclusion of a source between subcircuits, or inclusion 
of two sources for excitation of corresponding subcircuits. 

IV. CIRCUIT DIMENSION REDUCTION 
For the objects with complex geometry and a lot of degrees 

of freedom the finite-element model can contain hundreds of 
thousands equations. In this case the equivalent circuit can 

contain millions and more elements. This circumstance makes 
it impossible to use the given circuit as a model of the object, 
so it is expedient to take advantage of algorithms of reduction 
of circuit dimension on the basis of Y-∆ transformation. 

The essence of the methods based on the Y-∆ 
transformation consists in the following. Let’s i-th node and 
its k neighbours are located as shown on Fig. 3. Then, the 
component equation of i-th row looks like: 
 1 1 2 2 0i i n nYV y V y V y V− − − − =K , (1) 

where 
1

k

i j
j

Y y
=

=∑ .  

 

 
Fig. 3. A work node of RLC circuit. Addition of a conductance 

between node 1 and nodes next to i-th. 
 
To exclude iV  from (1), that is equivalent to excluding i-th 

node, let’s define iV  as: 
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and replace iV  with (2) at k equations, where it is present. 
Let’s consider a first node, which will be next to i-th, and its 
equation looks like: 
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=∑  is a sum of all node one’s conductances 

excluding i-th node, k1 is a number of nodes, connected to 
node 1. 

Eq. (3) can be simplified: 
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Note that it is equivalent to adding k-1 new elements 

between first node and k-1 former neighbours of i-th node on 
Fig. 3. 

For any two nodes next to i-th, for example a and b, 
excluding of i-th node leads to adding a new element between 
these nodes. Conductance of this element will be equal to: 

( ) /ab a b iy y y Y=  
So, repeating this process for all k neighbours of i-th node, we 
remove it thereby.  

For each node in the circuit, there are two time constants 
defined: 

/RCi i iC Gτ =  and /LCi i iC Bτ = , 

where 
1

k

i j
j

C c
=

=∑ is a sum of all capacitances connected to 

node i, 
1

k

i j
j

B b
=

=∑ is a sum of all reactive conductances (the 

value reverse to inductance) connected to node i, and 

1

k

i j
j

G g
=

= ∑ is a sum of all conductances connected to node i. 

So, i node’s time constant is:  
max( , )i RCi LCiτ τ τ= . 

i-th node is considered to be fast if: 

min max2 / ,iτ τ π ω< =  

where minτ  is a user-defined time constant, which depends on 

the maximal frequency of the circuit – maxω . Note that the 

minτ  constant is proportional to max1 ω . Thus, if i-th node is 
a fast one it can be removed from the circuit as described 
above. (More details about reduction algorithms based on the 
Y-∆ transformation are in [4,5,6].) 

In practice, the lower eigenfrequencies, which are work 
ones for mechanical systems, is of interest usually. Therefore, 
a compromise between accuracy and dimension of received 
models can be reached by the variation of minτ . 

V. SIMULATION RESULTS 

The four lower eigenfrequencies of the construction in the 
range of 14 MHz up to 120 MHz are defined by computation. 
The results of ANSYS Multiphysics frequency analysis as 
well as the results of simulation of the equivalent and reduced 
under the different values of minτ  circuits in NetALLTED 
[7,8] are presented in Table I. The output characteristics of the 
equivalent and reduced circuits for the frequency range of 14 
MHZ – 120 MHz are presented on Figs. 4-7.  

The ANSYS and NetALLTED simulation results coincide 
that confirms the transition from a model obtained by finite-
element method to an equivalent circuit do not bring in an 
additional error. As it is seen from Table I, circuit simulation 
error under minτ  = 2*10-4 as compared to the ANSYS results 
is less than 1% that confirms a high precision of the obtained 
model. Meanwhile, the dimension of the reduced model in 

comparison with the equivalent one reduced more than 5 
times.  

 
TABLE 1 

SIMULATION RESULTS 

 

 
Fig. 4 AFC, PFC of the equivalent circuit. 

 

 
Fig. 5 AFC, PFC of the reduced circuit, minτ = 8*10-4. 

 

 

Fig. 6 AFC, PFC of the reduced circuit, minτ = 4*10-4. 

NetALLTED  ANSYS 
Equi-
valent 
circuit 

Reduced circuit 

minτ  - - 8*10-4 4*10-4 2*10-4

Node number - 154 11 15 27 
Element number - 862 66 94 256 
Node  
reduction, % - - 92.8571 90.2597 82.4675

Element  
reduction, % - - 92.3434 89.0951 70.3016

1st peak, MHz 18.745 18.745 18.955 18.724 18.788
2nd peak, MHz 50.890 50.890 52.613 50.458 51.028
3rd peak, MHz 97.860 97.859 101.75 95.937 97.955
4th peak, MHz 115.49 115.49 107.2 112.88 114.93
Maximal error, % - - 7.18 2.26 0.48 



 

MEMSTECH’2008, May 21-24, 2008, Polyana, UKRAINE 

4

 
Fig. 7 AFC, PFC of the reduced circuit, minτ = 2*10-4. 
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VI. CONCLUSION 
The method to construct models of mechanical components 

presented in the paper allows using circuit design software as 
integrated tools for simulation of electromechanical devices. 
Use of the Y-∆ transformation-based reduction allows 
receiving models with the required accuracy degree not 
yielding at the equivalent circuit obtaining stage to the 
accuracy of the mathematical model received by means of the 
finite-element method. The method offered can be used for 
MEMS calculation, and in the general case it can be expanded 
on the non-mechanical nature objects too if their mathematical 
model can be received in the form of finite-element matrices. 


